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Outline

< Stability of a Spinning Body

<+ Derivation of the Lagrange Points

TEAS Employees: Please log this time on the Training Tracker



Stability of a Spinning Body

<% Euler’s Second Law:

M = 4 / a))
Moments of Torque — dl \

Inertia Matrix

Angular Velocity

(good for an inertial coordinate system)

Problem: Inertia matrix “I” of a rotating body
changes in an inertial coordinate system



Euler’s Second Law (2)

<+ In a body-fixed coordinate system:

Moments 7
of Torque

Angular Velocity
Inertia Matrix

< Inertia Matrix: - -

o Describes distribution XX Xy Xz
of massonthebody [=|/

Xz vz zz




Euler’s Second Law (3)

<+ Planes of Symmetry:
¢ x-y plane: I, =1,=0 /

¢ x-z plane: I, =1,=0
ey-zplane: [,,=1,=0
< For a freely-spinning body:
M =0
d

E (]a))body T X (]0)) =0




Euler’s Second Law (4)

d
— (7 Io)=0
o Rigid bOdy: Jf ( CO)body + a)x( 0))

¢ “I” matrix is constant in body coordinates

[d—a)+a)><(]a))=0
dt

< Do the matrix multiplication:

I. 0 0o | |/ o
Ilo=| 0 [ 0 |w. |= [yya)y
0

Yy y

O ]ZZ a)z _]zza)z _




Euler’s Second Law (5)

+ Do the cross product:

a)x(]a)):

< Result:

]xx
0
0

0
/

Yy

0

I o, ol .0 -0l o,
(0, = 0l.o -0l o,
| Heo ] |ol,0 -0l o
y . | ol .o -0l o,
7 o, |+ ol o -0l o |=0
.| ol o -0l .0




Euler’s Second Law (6)

I, 0 0] [o] ol -0l,o,
d
0 7, 0|—|o |+t ol.o-0l. o
dt|
0 0 [I.] |o] |ol,0-0l. o0

% As scalar equations:
1 o0, =
+\U..—1, jo,0. =

L (I, -1 oo, =0

72

Wdt

12 (1 I o0, =0




Small Perturbations:

< Assume a primary rotation about one
axis:
¢ Remaining angular velocities are small
w. =Q+0

!

Q

X

!

Q

O =
y y y

<< Q)

'
. 5|V,

_ \
a)z _a)z



Small Perturbations (2)

+ Equations:

do' o
I dtx+(lzz—1yy)a)ya)Z:O

d '
]_)/y Z;_y -I_([.)CX_IZZ)G)'Z (Q-I_a)'x)zo
1 99, (7,-1. )+ )o',=0

dt



Small Perturbations (3)

+ Linearize:
¢ Neglect products of small quantities
do'
XX . — O
dt

N dty + QI —1_)w'.=0

d;‘) Qlr, -1, )w',=0




Small Perturbations (4)

+ Combine the last two equations:

'

I df;y +O(I 1. ). =0

switched




Small Perturbations (4)

+ Combine the last two equations:

I, dZy +O(I 1. ). =0
1.9% o1, 1 ), =0

dt .
d°o' O (7.-1_)dw'

dt’ ] dt

Yy

G a-1,)do,

dt’ ] dt

zZz



Small Perturbations (4)

+ Combine the last two equations:

'

d
I, Zy +O(I 1. ). =0
do' ,
L= +l1, -1, ), =0

do, (-1 N.-1,)

" +Q T o', =0
yozz

2 _ —

d C()Z -I—QZ ([xx [zz)(]xx ]yy)a), :O

2 z
dt I1.



Small Perturbations (5)

2 _ _

d a;y +Q2 (]xx [zz)([xx ]yy)a)y :0
dt 1.1, g
2 _ _

d aZZ +Q2 ([xx [ZZ)(])CX [yy)a)yz — O
dt 1,1,

»Casel: I,,>1,, L,orl, <I, I,
QZ (]xx _]ZZ)(]xx _]yy) > O
1 yyl .

¢ Sinusoidal solutions for @' » @',
+ Rotation is stable



Small Perturbations (6)

dza)'y —|—Q2 (]xx _[zz)([xx _]W)CO' — 0
dt* I,1. ’

dza)'z —|—Q2 ([xx _[zz)([xx _[yy) '
dt’ 1,1,

»Case2: [, >1,>1,0rl, <l <I,

2 (]xx _]zz)(]xx _]yy)
I 1

W zz

Q <0

. . { '
+ Hyperbolic solutions for @ @,
+ Rotation is unstable



Numerical Solution

: Body Coordinates
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Numerical Solution (2)
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Numerical Solution (3)

: Body Coordinates
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Numerical Solution (4)
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Numerical Solution (5)
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Numerical Solution (6)
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Spinning Body: Summary

<+ Rotation about axis with largest inertia:
Stable

<+ Rotation about axis with smallest inertia:
Stable

<+ Rotation about axis with in-between inertia:
Unstable



Derioation of the Lagrange Points

e

L 4

‘'wo-Body Problem:
¢ Lighter body orbiting around a heavier body

*

(Let’s stick with a circular orbit)

¢ Actually both bodies orbit around the
barycenter

=Y




Two-Body Problem (2)

+ Rotating reference frame:
¢ Origin at barycenter of two-body system
¢ Angular velocity matches orbital velocity of

bodies

¢ Bodies are stationary in the rotating reference
frame

Y Q

D : )

M

S @
=Y



Two-Body Problem (3)

< Force Balance:

Body “M” Body “m”
GMm GMm
Mx,, Q° + —=0 mx, QO — —=0
D Centrifugal 7 D
Force /
Gravitational Force
@)
X, -
e
O >
X
m




Two-Body Problem (4)

<+ Parameters: My, Q° + Gg{m =0
¢ M - mass of large body GMm
¢ m — mass of small body mx, QO — —=0
¢ D - distance between bodies D
D=x -x,

+ Unknowns:
¢ x); - x-coordinate of large body
¢ x,, — x-coordinate of small body
¢ Q - angular velocity of coordinate system

+ Three equations, three unknowns



In case anybody wants to see the
math ...

xMQ2+G—}Zl=O
D
O — sz
x,, D
m M/
——=— > —mX
X, xn/




Two-Body Problem (5)

< Solutions:
M

" M+m D’

X




Lagrange Points

<+ Points at which net gravitational and
centrifugal forces are zero

¢ Gravitational attraction to body “M”

1 V44

¢ Gravitational attraction to body “m

¢ Centrifugal force caused by rotating coordinate

system
4 (x.))

Q

\

X




Lagrange Points (2)

£ 7

« Sum of Forces: particle at (x,y) of mass “ u

¢ x-direction:

~ GM,U(X xM Gm:u( )

Q° =0
) e R e
¢ y-direction:
- M + 1yQ* =

v, P o] [, +y]/



Lagrange Points (3)

<+ Simplifications:
¢ Divide by mass “ " of particle
. Substitute for “Q*” and diVide by “G”

—M(x xM ( (M+m)

(x—x,) +y]/ (x-x,) —|—y]/
(x—x,,) +y]/ [xx +y]/

=0

(M+m)

=0



Lagrange Points (4)

+ Qualitative considerations:

¢ Far enough from the system, centrifugal force will
overwhelm everything else =»Net force will be away
from the origin

¢ Close enough to “M”, gravitational attraction to that
body will overwhelm everything else

£ 77

¢ Close enough to “m”, gravitational attraction to that
body will overwhelm everything else

/

7w S~ "

\



Lagrange Points (5)

+ Qualitative considerations (2)

¢ Close to “m” but beyond it, the attraction to will
balance the centrifugal force =» search for a Lagrange
point there

¢ On the side of “M” opposite “m”, the attraction to “M”
will balance the centrifugal force =>» search for a
Lagrange point there

1 II

¢ Between “M” and “m” their gravitational attractions will
balance =» search for a Lagrange point there

;M\ MmN

/

\



Lagrange Points (6)

% Some Solutions:

+ Note that “vy” equation is uniquely satisfied if
y = 0 (but there may be nonzero solutions also)

(M+m) 0

(x—x,,) —I-y]/ (x—x, +y]/



Lagrange Points (7)

% Some Solutions:

¢ “x” equation when “vy” is zero:

—M(x—xM)_ m(x—xm) oy

[CES 1 N S | S

+ Note: [(x—xM)z: 2 =‘x—xM‘3 ?;é(x—xM)3

—MD3(x—xm)(x—xm‘—mD3(x—xMXx—xM‘

+x(M+m)(x—xm)(x—xm‘(x—xM)(x—xM‘ =0



Lagrange Points (8)

—M(x xM)3 B m(x—xm) 3 +x(M-|—3m)
[oc-x, F +07] (r=.) ol D
- My M+m
[X XM +y]/ [X X, +y]/
% Oversimplification: Let ”m” =0
oxM=O
— My M

X+ 97 VH—_ [x2+y2% e

, 3
<+ Solutions: [x2 + yzﬁ =D’

¢ Anywhere on the orbit of “m”

0



Lagrange Points (9)
—MD3(x—xm)(x—xm‘—mD3(x—xM)1x—xM‘

+x(M+m)(x—xm)(x—xm (x—xM)(x—xM‘ =0

% Perturbation: m=eM 0<eg<<l1
X, =—&D x, = (1 —g)D
<+ For the y = 0 case:
-D*(x—(1-¢)D)x—(1-¢)D|
— D’ (x + ED)(x + ED‘
+x(1+&)x—(1-&)D)x—(1-¢&)D|(x + D )x + eD| =0



Lagrange Points (10)
—MD3(x—xm)(x—xm‘—mD3(x—xM)1x—xM‘
+x(M+m)(x—xm)(x—xm‘(x—xM)(x—xM‘:O
~D*(x—(1-¢)D)x—(1-&)D|-&D*(x + &D)x + &D)|
+ x(l + 5)(x - (1 — g)D)(x — (1 — g)DKx + gDXx + gD‘ =0

<+ For the y = 0 case (cont’d):

- Lagrange Points L1,L2: near x = D:
x=D(1+06)

~D(5+¢)5+e|-eD’(1+5+¢)
+D(1+6)1+efd+e)o+el(l+5+¢g) =0



L1,1L2: y=0,x=D(1+9)
~D(5+e)o+ée|-eD’(1+5+¢)

+D*(1+5)1+e)S+e)d+el(l+5+¢&) =0
<+ Collecting terms:

(5+&)5+el-1+ 1+ 1+e)1+5+ef]
—s(l+5+&) =0
< Multiplying things out:
304357 4+0°+36+70+55%c+0°¢
+367+5867 +25% + & + 06

= (1425 +26+ 5> + 256+ &°)

(O+e)s+e




[1,12((2): y=0,x=D(1+ )

<+ Balancing terms:
Order of magnitude &

/\35+352+53+3g+75g+5525+53g_
(5+5){5+5‘ . , L, .
+3e7+50e"+207e" +& +0¢

= (1425 + 26+ 5> + 256+ £7)

Order of magnitude ¢

< Linearizing: 1
5 30° = +¢ 5Ei31/§8



Lagrange Points (11)
~D*(x—(1-¢)D)x—(1-&)D|-eD*(x + &D)x + D
+x(l+e)x—(1- g)DXx —(1- 8)D‘(x+ gD]x + ED‘ =0

% Lagrange Point L3: y =0, near x =-D
x=-D(1+6)

(2+5—8X2+5—8‘+8(1+5—8X1+5—8‘
~(1+6)1+e)2+5-¢)2+5-¢g(1+5-efl+5—¢|=0
% Since | ¢, | 0] <<1<2:
2+5-¢g) +e(l+5-¢f
1+ 1+&)2+5-¢)(1+5-&) =0



[3:y=0,x=-D(1+9)

2+5-ef +e(l+5-¢)
~(1+6)1+&)2+5-¢)(1+5-¢) =0
< Multiply out and linearize:
(4+46-4¢)+¢
—(1+5+&)4+46—-4¢)1+25-2¢)=0

(4+45-4¢)+¢
—(4+45+46+46-45+85-8¢)=0

5

56-120 =0 oO=~—¢
12



Lagrange Points (12)

% Summary for a Small Perturbation and
y = 0: m=eM 0<e<<l1
x, =—eD x,=(1-&)D

+ Lagrange Points:

ol1:— XED[I—%/%(&J
/1
o 12 >XED[1+3 ggj

o3 —x= —D(l + igj
12




Lagrange Points (13)

% What if 1 is not zero? m=eM 0<¢e<<1




m=sM 0O<eg<<l
x,, =—&D

Lagrange Points (14) B

R=D(1+0)
< Polar Coordinates:

(R+ De cos|20] De sin[2(9])
1- 5)003[26’], j

— D(1-¢&)sin[26)]

X



Lagrange Points (15)

< Consider the forces in the R-direction:

¢ From M:

— GMu(D(1+ 6)+ Decos(26))
F,, = -

{[D(l +0)+ Decos(20)] +|Desin(26)] }A

¢ From m:

Gmy(—D(1+6)+ D(1-&)cos(20)) 3
[ D1+5)+ D1~ e)eos(20)F +[Dl1-¢)sin(20)F |

¢ Centrifugal force:

F =

F. = 1Q*D(1+6)



R-direction Forces

<+ Simplify:

¢ From M:

F,, =

— GMu(1+ 6 + & cos(26))
D’ {[1 + 8 +ecos(20)] +|esin(20)] }%

¢ From m:

~GeMu(1+ 6 —(1-¢&)cos(26)) 3

D’ {[1 +5—(1-¢)cos(20)] +[(1-&)sin(26) }/2

¢ Centrifugal force:

F =

Fo=OMUtedt )




R-direction Forces (2)

< Linearize in o and &

¢ From M:
F o~ —GMILI(1+5+€COS(29)) ~ —GMILI (1 25— e COS(29))
Y D1435+3sc0s(20)]
& From m:
P~ ~GeMu(1+ 6 —(1-¢&)cos(26)) —GM,u

D*{1+265 -2(1+ 6 —&)cos(20)+1- 28} RN

¢ Centrifugal force:

GMu
D’

F. = (1+5+¢)



R-direction Forces (3)

< Balance the Forces:

_Gg{ﬂ (1—25 —23008(26’)) 2?}41’;[ GM’U (1+5 +5);O
_(1-26 -2 c0s(20)) - —S— + (145 + )20
( g cos(26)) 2\F+( + +g)
1+ 0 ~1-20-2 20 )+ ——
+0+¢ £cos(20)+— 5

1

22

30 =—¢—-2&ecosl26 +—
20+ %~ o
2

—1-2 cos(2<9)j g



Lagrange Points (16)

< Consider the forces in the é&direction:

¢ From M:
GMuDe sin(26)
F,, = -
{[D(l +0)+ Decos(20)] +|Desin(26)] }A
¢ From m:
o —GmuD(1- ¢)sin(26)

[-D(1+6)+ D(1-&)cos20)] +[D(1-&)sin(20)] |
¢ Centrifugal force is completely radial

F.=0



&-Direction Forces

F = GMuDe sin(26)
{[D(l + 5)4— Deg COS(Z(?’)]2 + [Dg sin(26’)]2 }%
F = ~GmuD(1- ¢ )sin(20)

m

{— D(1+6)+D(1-¢)cos(260)f +[D(1-¢)sin(20)[ }%
<+ Simplify:
GMue sin(26’)

D’ {[(1 +68)+&cos(20)] +|esin(20)] }%
~ GMus(1- 5)5111(26’)

DM(1+8)~(1- £)cos(20) +[(1-&)sin(20)}}*

F, =

F =

m




G-Direction Forces (2 2 |
F, = Mg sin(20) 3
D’ {[(1 +0)+e 005826.’)]2 +|esin(20)f }/2
— GMue(l-¢)sin(26)

D" f(1+6)-(1-)eos(20)F +[(1-&)sin(20)F |

< Linearize in o and &

F o=

 GMuesin(26)  GMusin(26)
Fy=— = . g
D*{1+365 +3scos(20)} D
o~ — GM,ug(l — g)sin(2¢9)

D? {1 +20 — 2(1 +0 — 5)008(29)+ 1— 25}%
- GMu sin(26’)
- D? {2 —2 cos(29)}%

12

E




G-Direction Forces (3)

F, = GM,u;izn(L?)(9
F o= 2—GM/¢ sin(26’)y i
+ Simplifying further: D*i2-200s20);
F, = GMu 81211(26’)8
D
-GMu s1n(2¢9)
Fm
D*242 { cos’(0)—sin’ ]V
. —GMu sm(2(9) - GM,u sm(26’)
= . 3 E = TIE E
D22\/§{2 sz(@)}é 3D ‘sm (‘9)(



&-Direction Forces (4) o o GMusin(20)

D2
e — GMusin(20)
<+ Balance the two forces: "~ 8D%fsin’(0) ’
GMusin(20)  —GMusin(26
. &+ > £=0
D 8D ‘sm
GMusin(20) _ GMusin(26)
&= &

D’ 8D2‘sm )‘

8‘sm3(6’)( =3



Lagrange Points (17)

+ Solving for our radius:

S = (F—l 2005(2«9))

Dl 1+| ——-1-2cos 26’
[ (M

ol oo

R

112

|12

R=D(1+6)

20
i
3

~+2 ~ 460°
3




Lagrange Points (13 redux)

% What if 1 is not zero? m=eM 0<¢e<<1
x, =—eD x,=(1-&)D

=Y



Lagrange Points (18):
m=eM 0O0<e¢g<<l
xX,, =—&D xm:(l—g)D

% Summary for zero v: |
¢ Between M and m: L1: XEDKI—%/EE)
¢ On the opposite side of m from M: L2:

xzDLlﬂ/lg]
3

¢ On the opposite side of M from m: L3:

X = —D(1+igj
12



Lagrange Points (19):
m=eM 0O0<e¢g<<l
x, =—eD x,=(1-&)D

< Summary for nonzero v:
¢ Ahead of m in orbit: L4:

20=+60° R=D I—S_ﬁgj

12
¢ Behind m in orbit: L5:

12

D) ]

260 = -60° R;D[l— g



Summary of Lagrange Points

(What 1s wrong

i / with this picture?)

(courtesy of Wikipedia, “Lagrange Points™)
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Stability of Lagrange Points

+ Requires saving higher-order terms in
linearized equations

< Results:
- L1, L2, L3 unstable

¢ Body perturbed from the point will move away
from the point

- L4, L5 neutrally stable

¢ Body perturbed from the point will drift
around the point



Conclusions

< Stability of Spinning Bodies

<+ Derivation of Lagrange Points



